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Why Control Operators?

e Control operators can expresscursion Filinski, Recursion from

Iteration. Lisp and Symbolic Computation, 1994
e Control operators can expresseams
e Control operators can expressegular trees

e \Would it be nice if stream equality can be done using usuahkgu

reasoning?




Why Control Operators? (Cont.)

e Control Operators have a logic foundation

o \We have expressiveness results for control operators :

C IS more expressive than callcc
shift/reset are more expressive thtan

e By relating cycles to control operators we hope to de-
rive a classification of cyclic definitions and of patterns
INn streams




Expressiveness (S. Blom, PhD 2001)

Can we say that some cycles are more expressive than others?

|

) -4 - A

(a) (b) (c)

a) Vertical sharing u
b) Vertical and horizontal sharing: and/et

c) Twisted sharingletrec




Continuations




Continuations vs Functions

A continuatiorrepresents a label or control point. Unlike a function, aticmation
never returns to the invocation point.

Invoking a continuation corresponds to performingiiap or go ta. If k£ stands for
Ax.x then :

14+ (Ax.x)b — 145
1+Ek5 — 5

What is\*x.z?

Ax. Abort x

The presence of thébort is what distinguishes a continuation from a function

1+ (Az.Abort x) 5 — 14 Abort 5 — 5
Abort M aborts everything, return¥ to the top-level




Control Operators

(243)+ (8%9)+ (2+4)
Evaluate?+3:
b+ (8%9)+(2+4)
Evaluate8+9 and remember what needs to be done afterwards:
Ax.Abort (5+x + (2+4))

How do we define that continuation?

(24 3)+CNE?) + (24 4)

In a left-to-right evaluation is bound to\x. Abort (5424 (2+4)). In aright-to-left
evaluation is bound to\z. Abort ((2 + 3) + = + 6).




Evaluation ofcow.an

2+ C(AkDS)+(2+4)
k is bound to\x. Abort (2 + &+ (2 +4))

The surrounding context is abandoned and replaced withatie @f theC-expression
with & substituted with a functional representation of the surdnug context.

24 C(Ak.5)+ (2+4) — bk = Az.Abort 2+ x4+ (24+4))] =5




Evaluation ofeow. )

2+ C(A\k.ED)+ (2+4)

k blk = Ax.Abort 2+ x + (24 4))]
(Ax.Abort (2+x+ (2+4)))5
Abort (2+5+(2+4))
24+5+(2+4)
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24+ CAk14+ED) +(244)

1+ k5lk = Ax.Abort 2+ x + (2+4))]
1+ (Ax.Abort 24+ xz+(2+4)))5

1+ Abort (2454 (2+4))

Abort (2+5+(2+4))

245+ (2+4))

A

Ll




¢ VS Callcc

callcc(ANk.M) = C(Ak.k M)

24+ C(AkD5)+(2+4) —5

2+ callcc(AkD)+ (2+4) - 24+5+ (2+4)
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The fixpoint combinator

Y M = ((Az.z ( Az An.(M (z x) n)))(callce(callcc(Ax.x))))
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Continuations and Logic
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Minimal Logic andx-calculus

A =X|A—-A
M,N :=x | Xe.M | MN

e AFx: A

e AFM: B
I'FXeM:A— B

I'-M: A— B TI'EN:A
I'MN : B
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Control operators and logic

e Abort corresponds t&x Falso Quodlibet

=M1
['F Abort(M) : A

e C corresponds to Proof by contradictidncuble Negation lay

'EM:(A— 1)— L
'FC(M): A

e callcc corresponds t@ierce Law:

'FM:(A— B)— B
['F callece(M) : A
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Control Operators and their
expressiveness

Minimal Classical Logic = Minimal Logic + Pierce Law
Classical Logic = Minimal Classical Logic + Ex Falso Quoeiib
A-calculus + callce Minimal Classical Logic

A-calculus +C = Classical Logic

C IS more expressive than callc
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Cycles and Logic
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Cycles

Vertical sharing is minimal classicdl

Is Horizontal sharing classicalp

twisted sharing needs delimited control operatgrs
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Delimited Control Operators : shift

The continuation does not include the abort

C(Ak.1+k2)—2

shift(\k.1 + k 23
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Delimited Control Operators (Cont.)
if C(Ak.k(is-zero(k true-1))) then 2 else 9—2
if shift(\k.k(is-zero(k true-1))) then 2 else 9—9

CONk (K 1)) + 23

shift(\k.k(k 1)) + 25
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Delimited Control Operators: reset

A reset delimits the continuation captured by shift

1 4+ reset (2 + shift(A\k.k 2))

kis bound to\r.2 + = and not tohx.1 + (2 + x)

In shift(Ak.M), continuationk extends to thelynamically closest
reset:

reset((reset(Ax.shift(Ak.(A_.3))))(A_.shift(Ak.4))) —
reset(((Ax.shift(Ak.(A_3))))(A_.shift(\k.4)))
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Dynamic scope + contral state

A Fe:AUFM:BT
To: ATFz: AT CTFaxe M Ay —p BT

F;U1|_MIAU2—>TlBT2 FTll_NAUl
[I"Us = MN @ B;T5

How do we Interpret these effectq4?
Subtractive LogiCA—B=AA-B

21



Cycles

Vertical sharing is minimal classicdl

Is Horizontal sharing classicalp

Is Twisted sharing subtractive logi(:
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e Can shift and reset represent irregular trees

e Can stream equality be realized using simple equality rea

soning

e Cycles and streams represent proofs. What can we leat

from using known theorem provers or proof assistants
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Cycles
Streams

Continuations

Conclusion
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